Introduction
Let K/Q be a finite galois extension and p be a rational prime. It was conjected by Leopoldt in [5] that the p -adic regulator of K does not vanish. Some equivalent statements are explained below. The conjecture was proved for abelian extensions in 1967 by Brumer [2] , using a local version of Baker's linear forms in logarithms: the result is known as the Baker-Brumer theorem. A theorem proved by Ax in [1] allows to relate the Leopoldt conjecture for abelian extensions to transcendency theory. In his paper, Ax mentions that he could expect his method to work also for non -abelian extensions. This was attempted by Emsalem and Kisilevski, who obtained in [3] results for some particular, non abelian extensions.
The main result of this paper is 1 Theorem 1. Let K/Q be a galois extension and p an odd prime. The Leopoldt conjecture holds for K and p in the following cases: A The group Gal (K/Q) is solvable. B The extension K/Q is totally real and splits p completely.
We state from [2] the central theorem on p -adic forms in logarithms, which we shall use here:
Theorem 2 ( Baker and Brumer ). Let Q p be an algebraic closure of Q p and U ⊂ Q p be the units. Let α 1 , α 2 , . . . , α n be elements of U which are algebraic over Q and whose p -adic logarithms exist and are independent over Q. These logarithms are then independent over Q ′ , the algebraic closure of Q in Q p .
Baker theory and Leopoldt's conjecture
Let K/Q be an arbitrary galois field with group G, let p be a rational prime and P = {℘ ⊂ O(K) : (p) ⊂ ℘} be the set of conjugate prime ideals above p in K.
We shall prove in this section two important consequences of the Theorem 2, one for absolute and one for relative galois extensions.
The algebra K(K) = K ⊗ Q Q p is the product of all completions of K at the places in P :
The global field K is dense in K ℘ in the product topology and G acts on this completion faithfully, so for any x ∈ K p , x = lim n x n , x n ∈ K and for all g ∈ G we have g(x) = lim n g(x n ). The field K is dense in K (under the product of the topologies of K ℘ ), the units U ⊂ K p are products of the units in U ℘ ⊂ K ℘ and E embeds diagonally to E ⊂ U. We denote by ι ℘ the natural map K → K ℘ and identify a ∈ K with its image in K. The one -units U (1) are defined naturally as the product
-modules and there is an exact sequence
(see also [8] ). Since K ∞ /K) is a Z p -extension whose galois group is a quotient of ∆, invariant under G; but ∆ being Z p [G] -cyclic, it follows that this quotient is unique up to quasi-isomorphism. We let ∆ ′ = Gal (M/K ∞ ); we then have the additional exact sequence
We refer to [8] , § §2.1, 2.2 and 3.1 for more details on Minkowski units, idempotents of non commutative group rings and the associated annihilators, supports and components of Z p [G] -modules. We also refer to §2.3 for the description of a choice of the base field K, which contains the p κ −th roots of unity and has some pleasant properties, such as the fact that the p -ranks of all Λ -modules of finite rank are stationary, all ideals that capitulate have order bounded by p κ and v p (|G|) ≤ κ. In the same section we describe Weierstrass moduleswhich are Z p -torsion free, infinite Λ -modules of finite p -rank -and prove the fundamental formula ord(a n ) = p n+1+z(a) ∀n > 0, which characterizes the orders of a = (a n ) n∈N ∈ W ⊂ A, when W is Weierstrass. Here Z ∋ z(a) ≤ κ is a constant depending on a but not on a n . We use the notation ς(x) = x p κ for x in an abelian group; the choice of ς is such that ς(A) is a Weierstrass module and for a ∈ A, the finite p -torsion part of A, we have ς(a) = 1. We write H, Ω for the maximal p -abelian, unramified, respectively p -ramified extensions of K ∞ . If F/K ∞ is any extensions and F 0 = Gal (F/K ∞ )
• is the Z p -torsion of its galois group, we write F = F F 0 : an extension which is either trivial or has a Weierstrass -module as galois group; this group may still be a free Λ -module.
The conjecture of Leopoldt says that
Let δ ∈ E be a Minkowski unit with δ ≡ 1 mod p 2 . Then the p -adic logarithms of δ g exist in all completions K ℘ and for all g ∈ G. If A ⊂ K p is a multiplicative group, we write the action of G exponentially, so
. If G is not commutative and g, h ∈ G we have
and the definition of a contravariant multiplication 
). With this structure we also define
the Z -and Z p annihilators of δ. Then Leopoldt's conjecture is also equivalent to
In the context of this conjecture we are interested in ranks and not in torsion of modules over rings. It it thus a useful simplification to tensor these modules with fields, so we introduce the following Definition 1. Let G be a finite group and A, B a Z, respectively a Z p -module, which are torsion free. Let a ∈ A, b ∈ B. We denotê
. We shall simply write rank (X) for the rank of a module when the ring of definition is clear (being one of Z, Z p or Q, Q p .)
We start with the case of an absolute extension K/Q, as introduced above. Let r = r 1 +r 2 −1 = Z-rk(E) and H = {g 1 , g 2 , . . . , g r } ⊂ G\{1} be a maximal set of automorphisms, such that δ g i are Z -independent. In particular, there is a Z -linear map e :
for each σ ∈ G. The map is the identity on H and extends to G due to the Minkowski property, which implies that δ
. We have the following consequence of Theorem 2 Lemma 1. Let the notations be like above and
, then Leopoldt's conjecture holds for K.
Proof. Let ℘ ∈ P be fixed and
embedding of E, a projection is 1 if and only if the unit itself is 1, thus
, which is the claim.
We have ι ℘ (δ θ ) = τ ∈H δ cτ τ = 1 ∈ K ℘ , and taking the p -adic logarithm we find the vanishing linear form in logarithms
Since c τ , δ τ ∈ Z ′ and {δ τ : τ ∈ H} are Z -independent, the Theorem of Baker and Brumer implies that θ = 0.
Consequently, if δ
, then the proof above shows that θ 0 ∈ Z[G], which implies (4) and confirms Leopoldt's conjecture.
The following definition brings relative annihilators into focus.
Definition 2. Let L ⊃ K be an extension of number fields with the following properties:
1. L/Q is a galois extension with group G and H = Gal (L/K). 2. Let the relative annihilator of e ∈ E(L) be defined by
If points 1. and 2. hold for L/K, we say that L/K is relative Leopoldt extension, or rL -extension. If in addition L is real, then the extension is a real relative Leopoldt, or RL. We consider next the case of relative abelian extensions:
Lemma 2. Abelian extensions L/K with L/Q galois are relative Leopoldt extensions. Furthermore, if L/K is galois such that L ℘ /K ℘ is abelian for all prime ideals ℘ ∈ P , then L ℘ /K ℘ is a local relative Leopoldt extension with respect to ι ℘ (e) for all Minkowski units e ∈ E(L).
Proof. Let H = Gal (L/K) be abelian; the extension L/K arises from a succession of cyclic extensions of prime degree, so it suffices to assume this case. Let H = σ with |H| = [L : K] = q, for a prime q which is not necessarily different from p. The group
, where e 1 is the idempotent N q , with
, where e χ is a (non trivial) sum of central idempotents for the augmentation part Q p [I L/K ] and a, b ∈ {0, 1}. We shall show that a = 1 and b = 0.
From the definition of δ
Since N( δ) ∈ E(K), we also have d := δ be 2 ∈ E(K). The group H is cyclic and e 2 is in the augmentation, so e 2 N = 0. Taking the norm in the definition of d and using the fact that d σ = d and thus
But e 2 q ∈ Z p [H] and thus δ be 2 q = 1: starting from a relative relation we deduced an absolute annihilator of δ which is algebraic. We may apply the Lemma 1, concluding that e 2 = 0, since by hypothesis there is no rational dependence for δ in the augmentation. This completes the proof.
As a consequence, we have Proof. Since H is solvable, there is a chain of intermediate extensions
The claim follows by induction and we illustrate this for the case
where the semidirect product a 0 ⋉ a 1 , with a i ∈ Q p [H i ], i = 0, 1 is defined term-wise; N = N 0 ⋉ N 1 follows from this definition.
We know from the lemma that δ
This way we may prove inductively that L/K i is RL for i = r − 2, r − 3, . . . , 0.
The last lemma leads to:
Proof. Suppose that L/Q is a real extension with solvable group H. If δ ∈ E(L) is a Minkowski unit, then Lemma 3 implies that its relative annihilator δ
Since the base field is Q, the relative annihilator is equal to the absolute one and it follows that Z p -rk(E) = Z-rk(E) and Leopoldt's conjecture is true.
The restriction that L be real is not important. If L is complex, with solvable group, then <  >= Gal (L/L + ) ⊂ H is a normal subgroup, so K + /Q is galois, and Leopoldt's conjecture holds in this case too.
We are prepared to prove Theorem 3. Let K/Q be a totally real extension with group G and M/K be the product of all Z p extensions of K, K ∞ the cyclotomic Z p -extension of K and H/K ∞ be the maximal p -abelian p -unramified extension. Then
Proof. We adopt a class field theoretic approach for our proof. Let K be like in the hypothesis and (K n ) n∈N be the intermediate fields of its cyclotomic Z p -extension. We assume that K is such that the Leopoldt defect
Firstly, we note that we can exclude the case that M/K ∞ contains subextensions which split the primes above p: this follows by using the Iwasawa skew symmetric pairing and was proved in [8] , Theorem 3 of §3.3. It remains that M ⊂ Ω E and Gal (M/K ∞ ) ֒→ B, where B ⊂ A is the submodule generated by classes containing ramified primes above p, as defined in [8] .
n and E ∞ = ∪ n E n . Then it is known that U ′ ∞ /E ∞ is a torsion Λ -module and thus, by choice of ς, we obtain a Weierstrass module ς(U ′ ∞ /E ∞ ); since K is totally real, by reflection we see that
. Then W is a Weierstrass module and we denote by F its characteristic polynomial. Since the T -part of W is trivial, T ∤ F (T ). The Leopoldt defect is stationarity, so E ′′ n = ( U ′′ n )
+ . Applying F annihilates the diverging part in W n and we obtain:
for a fixed upper bound M. In particular, since (T, F (T )) = 1, there is a fixed m ≥ κ, depending on F (T ) and |G|, such that for all n > 0 we have
T . By Hilbert 90 and the choice of e, there are a w ∈ K × n and ξ ∈ U ′′ n with e = w T = ξ T , and it follows that w = w 0 · ξ for some w 0 ∈ U(K). The ideal (w) is ambig above K; since p κ annihilates the class group A 0 , we have (w p κ ) = (π · γ), with γ ∈ K, (γ, p) = 1 and π a product of ideals above p. There is a unit e 1 ∈ E n such that e 1 πγ = w p κ = (w 0 ξ) p κ and since ξ is a local unit, it follows that π|w 0 or π = 1; moreover, (πγ)
Finally we show that we may choose e 1 ∈ E ′′ n . From (ξ/e 1 ) T = 1 we have e 1 = cξ, c ∈ K and N n,0 (e 1 ) = c p n−κ , so c ∈ E(K); the unit e 2 := e 1 /c ∈ E ′′ n verifies e T 2 = e, which confirms this claim.
In particular, for sufficiently large n, we have
Assume that B is infinite, and let α ⊤ ∈ Q p [G] be its canonic annihilator 1 . We shall write Z p -rk(ς(B)) = D(K): this is the case for the totally real extensions K which split the primes above p, as we show in the corollary below; note however that the claim of this proposition is more general and holds independently of this assumption. It does follow from the general case of Leopoldt's conjecture too.
We shall use (7) and (8) for proving that D(K) = 0. The core observation is that, if D(K) > 0, then there is a defect emerging in the Z -rank of E ′′ n , which raises a contradiction to (8) . For ℘ ∈ P , we let ℘ n ∈ A n be the primes above ℘ and a n = [℘ n ] ∈ A n be their classes, with diverging orders ord(a n ) = p n+1+z(a) . If α n approximates |G|α to the power p n+κ+1 , say, then there is a ν n ∈ K n such that (ν n ) = ℘ p κ ·αn n and ν T n = e 0 ∈ E ′′ n . Since ν
it follows that the unit e 0 is annihilated in
Let B ⊂ B ⊤ be an irreducible elementary module with B ⊤ = β ∈ Q p [G], an idempotent dividing α, and let β n be rational approximants of |G| · β. Suppose that there is a unit e ∈ E ′′ n with e βn ∈ ν
; since N n (e) = 1, it follows from [8] , Lemma 16, that ς(e) = π T for some punit π, so there is a θ ∈ Z[G], with (π) = ℘ θ n . We may write
and claim that b ≡ 0 modulo a large power of p. Upon multiplication with |G|(1 − α n ) we obtain a unit e 1 = e |G|(1−αn) = π
. The identity requires that the ideal ℘ b|G|(1−αn) n be principal and since α is the minimal annihilator of a, for large n, this implies b ≡ 0 mod p n−(m+κ) , which was our claim on b. It follows that
) has p -rank r 2 − 1 − D(K) and (8) implies D(K) = 0, which completes this proof.
As a consequence, Corollary 2. Point B. in Theorem 1 is true.
Proof. Assume that K/Q is totally real and splits p completely and let ℘ ∈ P be any prime above p. Then K ℘ = Q p and M ℘ /K ℘ is in the product of the two Z p -extensions of Q p : the unramified and the cyclotomic. Consequently M/K ∞ must be unramified at p. This holds for all primes above p, so M/K ∞ is totally unramified. However, by Theorem 3 we know that M ∩ H = K ∞ , so we must have M = K ∞ and the Leopoldt conjecture holds in this case.
The same argument was used by Greenberg in [4] for showing that λ may take arbitrarily large values in abelian extenions K/Q. Remark 2. It has been believed for a longer time that the two extreme cases treated by Theorem 1 are the easire one for Lepoldt's conjecture, so this short proof only confirms this general belief. The general proof, given in [8] , requires deeper class field theory.
The obstruction encountered, when trying to generalize the results of this paper is the following: let K/Q have group G and ℘ ∈ P . The facts proven on relative annihilators imply quite easily that ι ℘ (E · Q p = K ℘ . Let ∆ ℘ ⊂ ∆ = Gal (M/K); Leopoldt's conjecture would follow from Theorem 3, if we can prove that
which may appear as a 'reasonable' localization of (1). It needs however not be true and all we can say is the following: if D ⊂ G is the decomposition group of ℘, δ = ξ α and α = τ ∈C c τ τ with c τ ∈ Q p [D] and C = G/D, then τ ∈C c τ ∈ N M℘/K℘ .
